Chapter VIII – Measures of Risk


Dynamic Risk Modeling Handbook

Chapter 9 – Measures of Risk

CAS Dynamic Risk Modeling Handbook Working Party
Learning Outcome Statements


1. How to set capital requirement

2. Understand the Desirable features of risk measures – Coherent

3. Examine Various Risk measures


4. Expose to Other Important Topics in Risk Measures Theory

1.  Introduction

Insurers need capital to pay claims when premium revenues fall short.  Actuaries have long sought a formula that determines this capital directly from the insurer's aggregate loss distribution.  The derivation of such a formula is not an obvious process.  Should such a formula be found, it could be used to quantify the effects of the cost of capital on a variety of pricing and reinsurance strategies.  

As discussed in the beginning of Chapter 8, both from a policyholder/regulator or a shareholder/management perspective, it is advisable to set an adequate level of capital.  One key element to determine the desired capital requirement is to quantify the risk.  This involves using some of the available risk measures with desirable properties.  The paper "Coherent Measures of Risk" by Philippe Artzner, Freddy Delbaen, Jean-Marc Eber and David Heath (1999) discussed four desirable properties of risk measures, and they called those risk measures satisfying these properties “coherent”.  This chapter will focus on the risk measures that are “coherent”.  It will describe how to use coherent measures of risk to set capital requirements for an insurer.  As coherent measures of risk are described, it may be helpful to consider some examples.  First, the case of insurer’s losses being random and insurer assets being fixed will be addressed. Later on, the chapter will address examples where assets are random as well.

Let X be a random variable denoting an insurer's total loss.  For simplicity, it is assumed that X can take only a finite set of values.  Let (X) be a measure of risk that represents the assets that the insurer should have on hand to pay all losses for which it is liable.  

Let’s consider three measures of risk.

Standard Deviation: 

(X) = Std(X) = E[X] + T· X.

Value at Risk: 

(X) = VaR(X) = th percentile of X.

Tail Value at Risk 

(X) = TVaR(X) = Average of the top (1 – )% of X.

Let’s note in advance that TVaR(X) is given by Artzner et. al. as an example of a coherent measure of risk.
 

Table 1 shows 25 scenarios of two random variables, X1 and X2, of losses.  As is typical of property/casualty insurance losses, the distributions of X1 and X2 are skewed to the right.

Table 1

Loss Scenarios for Examples
	Scenario
	X1
	X2
	Rank

	1
	264.89
	119.86
	

	2
	1552.69
	1836.92
	1

	3
	765.95
	787.93
	

	4
	846.00
	894.66
	

	5
	699.56
	699.42
	

	6
	614.18
	585.58
	

	7
	803.76
	838.35
	

	8
	669.66
	659.55
	

	9
	328.37
	204.50
	

	10
	641.32
	621.76
	

	11
	951.11
	1034.81
	5

	12
	369.36
	259.15
	

	13
	1021.11
	1128.15
	4

	14
	432.44
	343.25
	

	15
	459.93
	379.91
	

	16
	402.79
	303.72
	

	17
	511.71
	448.95
	

	18
	894.25
	959.01
	6

	19
	536.98
	482.64
	

	20
	1113.53
	1251.37
	3

	21
	562.29
	516.38
	

	22
	587.93
	550.58
	

	23
	486.17
	414.89
	

	24
	1252.53
	1436.70
	2

	25
	731.47
	741.96
	

	
	
	
	

	Average
	700.00
	700.00
	

	Standard Deviation
	300.00
	400.00
	


Let  = 80% and let T = 0.8416, the 80th percentile of the standard normal distribution
.
VaR(Xi) is the 80th percentile of Xi, i.e. the 6th highest value of Xi.  TVaR(Xi) is the average of the top 20%, i.e. the average of the top five Xi’s.

Table 2 gives the values of the three measures of risk for the Xi’s in Table 1.   

Table 2

	Required Assets
(X)
	X1
	X2

	StdT
	952.49
	1036.65

	VaR80%
	894.25
	959.01

	TVaR80%
	1178.19
	1337.59


The insurer may account for a portion of its assets as a liability to cover what it expects to pay, but in some instances more money will be needed. The money set aside for this contingency is what we call capital.  In other words, we say that

Capital = (X) – E[X].
Table 3 gives the capital required for each Xi according to the three measures of risk.

Table 3

Required Capital
	(X)
	X1
	X2

	StdT
	252.49
	336.65

	VaR80%
	194.25
	259.01

	TVaR80%
	478.19
	637.59


Some observations:

· In these examples, all three measures imply that required assets are greater than the expected losses.  This will always be true for the StdT and TVaR measures of risk.  It is possible for the assets required by VaR to be less that the expected loss.  Consider for example, the case when losses are zero for more than % of the scenarios.  Here the VaR will be zero. 
· In these examples, there was a proportionally larger increase in the assets required by the TVaR measure than for the other two measures.    

The point of these examples and subsequent comments is to suggest that not all measures of risk are equally appropriate for setting capital requirements.  The point of the “coherent measures of risk” theory is to specify properties of risk measures that are desirable, and find which measures satisfy these properties.  We now turn to this task. 

2.   Desired Properties of Risk Measures

Risk measures

If 
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is a random variable representing the payoffs from a portfolio of assets and liabilities and 
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is the set of admissible portfolios that an agent may hold then a risk measure, as defined by Artzner, is function 
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, where R(X) is the amount of extra cash that the agent needs to hold in addition to the risk position X to invest prudently to be allowed by a regulator to proceed with his plans. “Investing prudently” as defined by Artzner et. al. is taken to imply with zero interest and R(X) for the holder of X is defined as risk capital. 
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then money needs to be added to the position and represents a cost to the agent, while if 
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 then money can be taken out of the position and can be considered a gain to the agent.

Coherent Risk Measures

A coherent risk measure is a risk measure which satisfies four axioms. Artzner et al stated these axioms from the perspective of an agent that may hold a portfolio of assets and/or liabilities, where X represents the random net worth of the agent’s portfolio. If the axioms were stated from a perspective more apt to actuarial analysis, and X represented random losses (losses having a positive sign), the axioms would be stated as follows:

1. Translation Invariance

 
[image: image7.wmf](

)

(

)

a

r

a

r

+

=

+

X

X


2. Subadditivity for all X,Y
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3.   Positive homogeneity : for all X
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4.   Monotonicity : for all X,Y
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where 
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 is the risk measure; X, Y are the losses; and G is the set of all risks.  

A brief description of the meaning of these axioms in terms of insurer losses would be:  

· The translation invariance axiom means that if each loss is increased by an amount, , the total assets needed are increased by the same amount, 
· The subadditivity axiom captures the meaning of diversification.  When two insurers merge, they do not need to increase their total assets.  In fact, if the merger is effective, they can reduce their total assets. 

· The positive homogeneity axiom means that if an insurer buys a percent quota share reinsurance contract on its entire book of business, it can reduce its assets by  percent. 

· The monotonicity axiom means that if Insurer A always has losses, X, that are less than Insurer B losses, Y, it will need less total assets.  

Hence if the acceptance set satisfies the four axioms defined previously, the risk measure defined in (1) is coherent. Likewise if the risk measure is coherent then the acceptance set as defined in (2) satisfies the acceptance set axioms as defined above.

We now give some examples of some commonly used risk measure and show if they are coherent. The four risk measures considered are the following:

1) Standard deviation


    E[X] + a*SDev[X]

where SDev[X] represents the standard deviation of X

2) Value at Risk (VaR)
    VaR(X)=min(x|F(x) 
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This a quantile measure and states what is the smallest value x of a random variable X such that the probability of X being less than that value x is greater than 
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3) Tail Value at Risk (TVaR)
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This can be thought of as the expected value of X given that it has exceeded the VaR (X) level. Note that in the second term of the right side of the equation, E[X- VaR (X)|X> VaR (X)] ≡ EPDX(VaR (X)).
4) Wang Transform
WT(
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)=E*[X] which is the expectation of the random variable under a distorted probability distribution F* where F*(x)= 
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 denotes the standard normal cumulative distribution.

The Wang transform is considered an “improvement” on TVaR since TVaR considers only losses above the VaR level and so no incentives exist to reduce losses below the VaR level. The Wang measure aims to overcome this problem.

Check for “Coherent” for Various Risk Measures

1) Standard Deviation
The Standard Deviation Risk Measure in essence aims to take the average of the distribution and then apply a loading to it. The advantage to this measure is its ease of computation. However, this risk measure does not satisfy the monotonicity of risk measures. This is demonstrated below:

	Loss of Risk X
	Prob X
	Loss of Risk Y
	Prob Y

	1
	0.95
	2
	0.95

	2
	0.04
	2
	0.04

	2
	0.01
	2
	0.01


The expected loss of Risk X is 1.05 and the standard deviation is 1.0723. The expected loss of Risk Y is 2 while the standard deviation is 0. Hence by taking a=1 in the standard deviation risk measure we have 
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. But, as we can see from the chart above, risk Y is riskier than risk X, since at every state the loss from Risk Y is at least as great as Risk X. Hence this is not in agreement with the monotonicity argument as defined in the coherent section above.

For the next three risk measures we consider the following risks X and Y

Risk X:

	X
	P(X=x)

	0
	0.93

	1
	0.04

	2
	0.03


Risk Y:

	Y
	P(Y=y)

	0
	0.96

	0.5
	0.005

	2.5
	0.035


2) Value at Risk

The Value at Risk measure at level  is often defined as a quantile measure. Mathematically VaR (X) will be denoted as Q(X) and is defined as 
Q(X) = min(x | F(x)≥ a)
A similar measure is defined by: 

Q+(X) = max(x | F(x)≤ a)
These are the same for continuous distributions but for discrete distributions they take different values. For the risks defined above, we can construct a new table showing the new cumulative density distributions (see next page) from which we can derive the new Value At Risk figures. Hence this gives us, for Risk X, 
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	Risk X
	F(X=x)
	Risk Y
	F(Y=y)

	0
	0.93
	0
	0.96

	1
	0.97
	0.5
	0.965

	2
	1
	2.5
	1


Suppose we now combine the two distributions together, assuming independence, as shown in the graph below:

	Risk X + Risk Y
	F(X+Y= x + y)

	0
	0.8928

	0.5
	0.89745

	1
	0.93585

	1.5
	0.93605

	2
	0.96485

	2.5
	0.99755

	3.5
	0.99895

	4.5
	1


This gives us a combined Value at Risk denoted by 
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 which shows VaR is not subadditive and hence not coherent for all risks/distributions.

3) Tail Value at Risk

The TVaR(X) is intuitively defined as “the expected value of the loss, given the loss is greater than the VaR”. Hence, mathematically TVaR(X) is defined as 
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We can define a similar measure referred to as the Conditional Tail Expectation (CTE) and this equal to 
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In the case of continuous distributions, CTE(X) is equal to the TVaR(X).
Examining our risks X and Y, the TVaR figures are 
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4) Wang Transform

The table below shows the probability distribution of both X and Y as well as the modified probability distribution under a Wang Transform.

	Payoff X
	P(X=x)
	P*(X=x)
	Payoff Y
	P(Y=y)
	P*(Y=y)

	0
	0.93
	0.432
	0
	0.96
	0.542

	1
	0.04
	0.160
	0.5
	0.005
	0.024

	2
	0.03
	0.407
	2.5
	0.035
	0.434


Hence under this new modified probability distribution WTF(X)=0.974 and WTF(Y)=1.096. 

The payoff of the sum of X and Y, and its distribution, is shown by combining the two portfolios.
	Risk X+Y
	f(X+Y=x+y)
	F(X+Y=x+y)
	f*(X+Y=x+y)

	0
	0.8928
	0.8928
	0.343365

	0.5
	0.00465
	0.89745
	0.009462

	1
	0.0384
	0.93585
	0.097825

	1.5
	0.0002
	0.93605
	0.00632

	2
	0.0288
	0.96485
	0.114291

	2.5
	0.0327
	0.99755
	0.313159

	3.5
	0.0014
	0.99895
	0.045031

	4.5
	0.00105
	1
	0.076235


Using this new modified distribution the Wang Transform of the combined portfolio is 1.61565. Hence it can be seen from this that 
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, and so satisfies the subadditivity argument of coherency.

As we have shown above both the Standard Deviation and the VaR risk measures failed to satisfy coherency. However, while we showed that the TVaR and the Wang Transform measure satisfied the subadditive argument of coherency this is not sufficient to guarantee the coherency of a risk measure. We now give some results, as shown in Wang’s paper which gives a more complete result.

Definition 1

Let 
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 be an increasing function with g(0)=0 and g(1)=1. The transform F*(x)=g(F(x)) defines a distorted probability distribution.  

Definition 2 

We define a family of distortion risk-measures using the mean –value under the distorted probability F*(x)=g(F(x)):
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It can be proven that (reference) this risk measure is coherent if and only if g(.) is continuous.

With VaR, the distortion function is defined as 


g(u)= 
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This has a jump at 
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 and hence is not continuous. As a result the VaR is not coherent.  

In contrast the distortion function regarding the TVaR measure is given below:
g(u)= 
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This is continuous and hence the TVaR measure is coherent. However, this is not differentiable at 
[image: image45.wmf]a

=

u

.  

The publication of Artnzer et. al. paper on coherent risk measures led many to believe that any suitable risk measure must satisfy the axioms determining coherent risk measure. Hence, the deficiency of the VaR risk measure to satisfy the subadditive condition led many to question the suitability of this measure. 

However, there are arguments suggesting coherent risk measures are not always satisfactory in measuring risk.  Goovaerts and others have argued that the characteristics that a risk measure should satisfy should be dependent on what the risk measure is being used for; premium calculation or capital allocations and what type of distributions are being analysed, independent or dependent and heavy tailed or short tailed distributions.  Consider the case where the risk measure is being used as a premium calculation. For instance in the case where catastrophic risks are being considered, risks may well be strongly dependent and so implying a condition of subadditive can be extremely dangerous. 

3. Asset Risk

Having discussed the Coherent risk measures in the previous section, let’s turn back to the task of setting capital requirement.  The examples in the introduction section consider assets to be fixed.  In this section we show how to determine if an insurer has adequate assets to support its underwriting risk when assets are random.

Suppose that the random loss X takes on the values 
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.  Then the net value of the insurer, X – A
, takes on the values
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.  If (∙) is a measure of risk, then an insurer is said to have adequate assets to support its business if (X – A) = 0.  When this is the case, we define the value of the required assets as E[A].

Note that if the assets, A, are fixed, this definition is equivalent to that given in the introduction as a consequence of the translation invariance axiom.

For a given exposure, it is prudent for the insurer to assemble assets of sufficient quantity and grade to satisfy the condition that (X – A) = 0.  To illustrate how to do this, consider a set of outcomes from a single stock.  The scenarios from $1000 worth of stock are paired with realizations to scenarios from Table 1, and this pairing is shown in Table 8.
For loss random variables X1 and X2, the insurer needs to calculate how much stock it needs to hold to satisfy the condition (X – A) = 0.  Table 9 illustrates this calculation for X1 using the TVaR80% measure of risk.  Table 10 gives the results for X1 using the VaR80% measure of risk. Table 11 summarizes the result of similar calculations for X1 and X2 with the other measures of risk.   

Table 8

Loss and Asset Scenarios

	Scenario
	X1
	X2
	Assets

	1
	264.89
	119.86
	1217.33

	2
	1552.69
	1836.92
	956.78

	3
	765.95
	787.93
	1136.63

	4
	846.00
	894.66
	998.81

	5
	699.56
	699.42
	1111.55

	6
	614.18
	585.58
	887.72

	7
	803.76
	838.35
	1040.70

	8
	669.66
	659.55
	804.38

	9
	328.37
	204.50
	909.05

	10
	641.32
	621.76
	951.76

	11
	951.11
	1034.81
	1174.28

	12
	369.36
	259.15
	1006.87

	13
	1021.11
	1128.15
	973.16

	14
	432.44
	343.25
	864.71

	15
	459.93
	379.91
	1056.31

	16
	402.79
	303.72
	1018.58

	17
	511.71
	448.95
	842.58

	18
	894.25
	959.01
	1082.40

	19
	536.98
	482.64
	969.84

	20
	1113.53
	1251.37
	996.48

	21
	562.29
	516.38
	901.57

	22
	587.93
	550.58
	1046.75

	23
	486.17
	414.89
	1087.13

	24
	1252.53
	1436.70
	958.73

	25
	731.47
	741.96
	1005.89

	
	
	
	

	Average
	700.00
	700.00
	1000.00

	Standard Deviation
	300.00
	400.00
	100.00


Table 9

Required Assets for X1 and TVaR80%

	Scenario
	Liabilities
	Assets
	Difference
	Rank
	Liab - s × Assets

	1
	264.89 
	1217.33 
	(952.44)
	
	(1191.26)

	2
	1552.69 
	956.78 
	595.91 
	1 
	408.21 

	3
	765.95 
	1136.63 
	(370.68)
	
	(593.66)

	4
	846.00 
	998.81 
	(152.81)
	
	(348.76)

	5
	699.56 
	1111.55 
	(411.99)
	
	(630.05)

	6
	614.18 
	887.72 
	(273.54)
	
	(447.69)

	7
	803.76 
	1040.70 
	(236.94)
	
	(441.10)

	8
	669.66 
	804.38 
	(134.72)
	5 
	(292.52)

	9
	328.37 
	909.05 
	(580.68)
	
	(759.02)

	10
	641.32 
	951.76 
	(310.44)
	
	(497.16)

	11
	951.11 
	1174.28 
	(223.17)
	
	(453.54)

	12
	369.36 
	1006.87 
	(637.51)
	
	(835.04)

	13
	1021.11 
	973.16 
	47.95 
	4 
	(142.96)

	14
	432.44 
	864.71 
	(432.27)
	
	(601.91)

	15
	459.93 
	1056.31 
	(596.38)
	
	(803.61)

	16
	402.79 
	1018.58 
	(615.79)
	
	(815.61)

	17
	511.71 
	842.58 
	(330.87)
	
	(496.17)

	18
	894.25 
	1082.40 
	(188.15)
	
	(400.49)

	19
	536.98 
	969.84 
	(432.86)
	
	(623.12)

	20
	1113.53 
	996.48 
	117.05 
	3 
	(78.44)

	21
	562.29 
	901.57 
	(339.28)
	
	(516.15)

	22
	587.93 
	1046.75 
	(458.82)
	
	(664.17)

	23
	486.17 
	1087.13 
	(600.96)
	
	(814.23)

	24
	1252.53 
	958.73 
	293.80 
	2 
	105.72 

	25
	731.47 
	1005.89 
	(274.42)
	
	(471.76)

	
	
	
	
	
	

	Average
	700.00
	1000.00
	(300.00)
	
	(496.18)

	Average of 5 highest
	
	
	183.99
	
	0.00

	Standard Deviation
	300.00
	100.00
	322.75
	
	329.63


For the risk measure TVaR80%, the insurer calculates the amount of stock it needs to hold so that the average of the largest five differences is equal to zero. In the above example, it is necessary to hold s=1.1962 shares of stock.
Table 10

Required Assets for X1 and VaR80%
	Scenario
	Liabilities
	Assets
	Difference
	Rank

	1
	264.89
	1013.45
	(748.56)
	

	2
	1552.69
	796.54
	756.15 
	1

	3
	765.95
	946.27
	(180.32)
	

	4
	846.00
	831.53
	14.47 
	5

	5
	699.56
	925.38
	(225.82)
	

	6
	614.18
	739.04
	(124.86)
	

	7
	803.76
	866.40
	(62.64)
	

	8
	669.66
	669.66
	0.00 
	6

	9
	328.37
	756.80
	(428.43)
	

	10
	641.32
	792.36
	(151.04)
	

	11
	951.11
	977.61
	(26.50)
	

	12
	369.36
	838.24
	(468.88)
	

	13
	1021.11
	810.17
	210.94 
	4

	14
	432.44
	719.89
	(287.45)
	

	15
	459.93
	879.40
	(419.47)
	

	16
	402.79
	847.99
	(445.19)
	

	17
	511.71
	701.47
	(189.75)
	

	18
	894.25
	901.12
	(6.87)
	

	19
	536.98
	807.41
	(270.43)
	

	20
	1113.53
	829.59
	283.94 
	3

	21
	562.29
	750.57
	(188.28)
	

	22
	587.93
	871.44
	(283.51)
	

	23
	486.17
	905.06
	(418.89)
	

	24
	1252.53
	798.16
	454.37 
	2

	25
	731.47
	837.43
	(105.96)
	

	
	
	
	
	

	Average
	700.00
	832.52
	(132.52)
	

	StDev
	300.00
	83.25
	311.34 
	


For the risk measure VaR80%, the insurer calculates the amount of stock it needs to hold so that the sixth largest difference is equal to zero.

Table 11

Required Random Assets for X1 and X2 with Various Measures of Risk 

	(X)
	X1
	X2

	StdT
	965.23
	1048.01

	VaR80%
	832.52
	886.00

	TVaR80%
	1196.18
	1346.13


To ease comparisons, we repeat Table 2.

Table 2

Required Fixed Assets for X1 and X2 with Various Measures of Risk
	(X)
	X1
	X2

	StdT
	952.49
	1036.65

	VaR80%
	894.25
	959.01

	TVaR80%
	1178.19
	1337.59


Note that the StdT and the TVaR80% measures of risk increase the needed assets when asset risk is introduced, while the VaR80% decreases the needed assets when asset risk is introduced.  To some this may seem to be a curious result, so let’s discuss it.

In the examples, the coefficient of correlation between the losses and the assets is exactly zero.  Here, the only discussion will be of the case when losses and assets are independent variables
.   So, if losses and assets are independent, is it true that the VaR80% will generally decrease the needed assets when asset risk is introduced? The answer is no. In the example, the distribution of loss minus assets has a large, but short tail.  If the top 5 loss minus asset are big but the rests are small, the measure VaR80% will likely decrease the needed assets. However, this is not the general situation. In Appendix B - Mathematic Analogue for Asset Risk, we will prove that the measure VaR80% will also increase the needed assets if both loss and asset follow normal distribution.  There are also mathematics analyses for the StdT and the TVaR80% calculation in Appendix B - Mathematic analogue for asset risk.
4.  A Graphical Representation of TVaR
The tail value at risk can be represented as an area on a graph using the approach given by Lee (1988).  Plot the loss amount, x, on the vertical axis and plot the cumulative probability, F(x), the horizontal axis.  For discrete distributions, F(x) is a step function with the steps being taken at the discrete loss amounts, xi.  The resulting graph can be represented as a series of strips with height xi.  Figure 1 shows the Lee graph for the random variable X1 of Table 1.   

Figure 1

TVaR80%(X1) = 1,178.19
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The TVaR80% is the average of the top 20% of the losses.  This is equal to the area under the curve and to the right of the cumulative probability of 0.80, divided by the probability that X1 is above the 80th percentile, 0.20.

In the previous section, we proposed a standard that an insurer would be deemed to have sufficient assets if (X – A) = 0 for a measure of risk. Figures 2 and 3 show the Lee graphs corresponding to Tables 2 and 11 for X1 – A, for fixed and variable assets respectively.

Figure 2

TVaR80%(X1 – 1178.19) = 0
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To be consistent with the interpretation of the Lee graphs, the strips that are below the zero point on the vertical axis have negative area.  The graphical interpretation of the expression TVaR(X – A) = 0 means that total area above the th percentile is equal to zero.

Figure 3

TVaR80%(X1 – A) = 0 for Random Assets A
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The Lee graphs also provide a graphical interpretation of the VaR he expression VaR(X – A) = 0 means that the th percentile of X – A is exactly zero.  Figure 4 shows the Lee graph for the VaR80% of X1 with random assets A.

A comparison of Figures 3 and 4 should make it clear that a highly volatile X – A will lead to a big difference in the assets required by TVaR and VaR.  In our examples, adding uncorrelated volatility to the assets resulted in a small increase in the required assets for the StdT and TVaR measures of risk.  The volatility of X – A in the tail leads to a decrease of the required assets for the VaR measure of risk.

Figure 4

VaR80%(X1 – A) = 0 for Random Assets A  s[image: image52.emf](1,000)
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9.5. classes OF COHERENT MEASURES of risk
So far, we have identified Maximum(X) and TVaR(X) as coherent measures of risk.  There are others.  In the following sections, we will give several generalized descriptions of coherent measures of risk.  There, we will dig deeper into the mathematics of coherent risk measures.  We will prove the following proposition in Section 6 below. 

Proposition

Let x1,…, xn be sorted in increasing order.  Let X be a random variable that takes on each value of xi with equal probability.  If g1 ≤  g2, ≤ …, ≤  gn  with 
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 is a coherent measure of risk.                                                (9.5.1)
In the examples in Sections 1 and 3 above, we can calculate the TVaR80% using this formula by first sorting the xi’s and (xi – ai)’s in increasing order.  Next set 

g1 = … = g20 = 0 and set g21 = … = g25 = 1/5 and apply the above formula.

The gi’s can be thought of as risk adjusted probabilities for the xi’s (see Section 6). 

The Representation Theorem
Artzner et. al. give a complete characterization of coherent measures of risk that we now describe. 

Let ( denote a finite set of scenarios.  Let X be the loss incurred by the insurer under a particular business plan.  Each loss is associated with an element of (.

The representation theorem states that a risk measure, (, is coherent if and only if there exists a family, (, of probability measures defined on ( such that
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(9.5.2)
One way to construct a family of probability measures on ( is to take a collection 
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.   Let ni be the number of elements in Ai.  Assume that all elements in ( are equally likely.  Define the probability measure, (i, on the elements ( ( ( as the conditional probability given that the element is in the set Ai, and 0 otherwise.  That is 
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The authors refer to the collection of probability measures, (, on the set of scenarios as “generalized scenarios.”
Let’s look at an example.  The following table gives a set of scenarios and associated losses.

Table 12

	Scenario
	X

	1
	0

	2
	2

	3
	2

	4
	6


Let A1 = {1,2} and A2 = {3,4}.  We then calculate the expected values 
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The associated coherent measure of risk, (A(X), is then given by
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We can similarly construct a second coherent measure of risk, (( (X), on the scenarios in Table 12 with the subsets Bi = {i}.  In this case we have (( (X)= 6.

There can be varying degrees of conservatism imposed on coherent measures of risk by varying the choice of generalized scenarios.

From this point forward, we assume that all random variables take their values on a finite set of n scenarios, with each scenario having equal probability.  While this does not lead to the most general results possible, it does reduce the complexity of the mathematics needed to understand the main ideas below.  Keep in mind that models built on more general assumptions can be approximated to any desired degree of accuracy by a model built on this assumption.  

6.  Risk-Adjusted Probabilities

Lastly, we will discuss another important concept in the risk measure theory -- “Risk-Adjusted Probabilities”.  This section will illustrate the concept of risk – adjusted probabilities using a simple example.  The reader can refer to Appendix C for more on the theory.

Suppose an insurer has the opportunity to write a risk with the following possible outcomes:

Table 13

	Event
	Event
	Amount of

	Number
	Probability
	Loss

	1
	20%
	0.00

	2
	45%
	50.00

	3
	30%
	100.00

	4
	5%
	250.00

	
	
	

	Average
	
	65.00


The insurer would like to calculate a risk load, and charge a premium for writing this risk of 65 (expected loss) plus the risk load.

One approach to assessing the risk might be to assign some judgment-based weights to the more severe outcomes, as follows:

Table 14
	Event
	Event
	
	Amount of

	Number
	Probability
	Weights
	Loss

	1
	20%
	1.00
	0.00

	2
	45%
	1.00
	50.00

	3
	30%
	1.50
	100.00

	4
	5%
	2.00
	250.00

	
	
	
	

	Average
	
	1.20
	65.00

	Weighted Average
	
	92.50


These weights could be based on the potential adverse impact on the company from the more severe events.  The indicated premium of 92.50 includes an extra charge for the higher-loss events.

In actual practice the weights can be parameterized (equivalently, set the risk-adjusted probabilities) more objectively by using values derived from a traded market (e.g., recent stock market prices). The concept is that risk can (or should) be measured & priced consistently across financial and insurance contexts, as discussed by Wang in several papers and also by Kreps in his "Investment-Equivalent Reinsurance Pricing" paper.

It could be argued that this risk charge is too heavy because the weights have an overall expected value of 1.20, which alone inflates the premium by 20%. We can balance the weights back to an average value of 1.00 by simply dividing all of them by 1.20, which gives:

Table 15
	Event
	Event
	
	Amount of

	Number
	Probability
	Weights
	Loss

	1
	20%
	0.83
	0.00

	2
	45%
	0.83
	50.00

	3
	30%
	1.25
	100.00

	4
	5%
	1.67
	250.00

	
	
	
	

	Average
	
	1.00
	65.00

	Weighted Average
	
	77.08


This set of weights surcharges for higher-severity events and gives a lighter weight to favorable, low-severity events.  The net effect is to generate a risk-loaded price of 77.08 which is approximately a 19% risk load on expected loss.  Once the weights are balanced to an expected value of one, it is possible to consolidate them with the probabilities and produce "risk-adjusted probabilities":

Table 16
	
	Event
	

	Event
	Risk-Adjusted
	Amount of

	Number
	Probability
	Loss

	1
	16.7%
	0.00

	2
	37.5%
	50.00

	3
	37.5%
	100.00

	4
	8.3%
	250.00

	
	
	

	Average
	
	77.08


Each risk-adjusted probability is the product of a weight with the corresponding actual probability.  Risk-adjusted probabilities resemble actual probabilities in that they are between zero and one and add up to 100%.  They incorporate both the actual probability of an event and its associated risk in a single "risk-adjusted probability" figure.  Taking the expected value of the loss amounts using the risk-adjusted probabilities gives the same result as the weighted expected value, a premium indication of 77.08.

"Several well-known risk measures, such as TVaR
, can be implemented using risk-adjusted probabilities in the method of 'co-measures' (Kreps 2004)" referencing Kreps' recent PCAS submission on co-measures.

Risk-adjusted probabilities play a central role in finance theory, specifically with regard to risk measurement and derivatives. There is much more to understand about their meaning and significance than is shown here.  This exposition is only a bare introduction. Readers are strongly encouraged to consult a finance text such as Financial Economics, edited by Panjer (Actuarial Foundation) or Brealey and Myers.

APPENDIX
Appendix A:  Mathematic analogue for asset risk 
Let’s discuss each of the three measures of risk with random asset.

Standard Deviation: 

(X - A) = Std(X - A) = E[X - A] + T· X-A.

E[X - A] + T· (X2 +  A2 – 2Cov(X, A))½ = 0 .

Hence:



E[A] = E[X] + T· (X2 +  A2 – 2Cov(X, A))½

If X and A are independent, required assets will be increased according to standard deviation measure of risk
Value at Risk: 

For normal distribution, VaR is equivalent to standard deviation measure of risk if we set T = Φ-1(α)

Since Φ((VaR(X) - E[X])/X) = α

VaR(X) = E[X] +Φ-1(α)·X

This is exactly the standard deviation measure of risk when T = Φ-1(α)

When asset A is also random,
Φ(0 – (E[X] - E[A])/ X-A) = α  ( Φ((E[A] - E[X])/ X-A) = α  

 X-A = (X2 +  A2 )½   >  X      (  E[A] > E[X]

So if both random loss and random assets are normally distributed and they are independent, required assets will be increased according to the VaR calculation.

Similarly in a uniform distribution, for example, random assets will also require more assets according to the VaR calculation.

However, for some distribution, even X-A >  X      as X and A are independent. VaR(X) could still be small than VaR(X) for certain  when the distribution of X – A scattered in a certain way. 

Tail Value at Risk: 

If X follows normal distribution, X ~ N(E[X], X2), V = VaR(X)

The tail value 
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If asset A also follows normal distribution and independent from X

X – A will follow normal distribution N((E[X] - E[A], X2+  A2)

If we denote Y = X – A, YX2+  A2) ½  ,  E[Y] = E[X] - E[A]
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We would want TVaRY )  =  TVaR X – A )  =  0

Hence: 
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Therefore: 
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Therefore:  
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Therefore, for random asset,
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Comparing with the result for fixed asset we got before:
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Obviously, tail value at risk for random asset is bigger.
We are not aware of a general analogue for VaR and TVaRowever it is worth noting that if TVaRX – A) = 0, then VaRX – A) ≤ 0, with strict inequality being the norm.  Thus the assets required by VaR are no greater than the assets required by TVaR, again with strictly less assets being the norm. 
Appendix B:  More on Risk – Adjusted Probabilities

Define G(X) to be equal to the expected value of X under the distribution transformed by G.  Given our standing assumption that each scenario is equally likely, we can calculate G(X) by the following steps.

1. Set g1 = G(1/n).  For i = 2 to n, set gi = G(i/n) – G((i – 1)/n).  Note that g is a nondecreasing function with g(0) = 0 and g(1) = 1. 

2. Sort the scenarios, indexed by i, in increasing order of xi.

3. Calculate 
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Shaun Wang, Virginia Young and Harry Panjer (1997) propose a set of axioms that are satisfied if and only if a measure of risk, G(X), can be represented as the expected value of a risk-adjusted probability measure as described above. 

We say that two risks, X and Y, are comonotone if (Xi-Xj)(Yi-Yj) ≥ 0 for all scenarios i and j.  The Wang/Young/Panjer axioms replace the subadditivity axiom with an axiom that requires  (X + Y) =  (X) +  (Y) for comonotone X and Y.  

If in addition, g is concave up, then g(X) satisfies all of the axioms that define a coherent measure of risk.  Let G be a nondecreasing function that maps the closed interval [0, 1] to [0, 1].  Given a random variable X with cumulative distribution F(x), one can use G to calculate a transformed cumulative distribution function for X equal to G(F(x)).  

The sorting operation, (9.5.1), described in Step 2 above distinguishes G(X) from the characterization of coherent measures of risk given in the representation theorem (9.5.2) above.  Thus it is necessary to prove that, or as it turns out, when G(X) is a coherent measure of risk.

Let P ={p} be the set of all permutations of the scenarios from 1 to n.  Let p(i) be the ith number in permutation p ( P.  Define the G-Coherent measure of risk as:
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GC(X) satisfies the conditions of the representation theorem for coherent measures of risk.  The distinction betweenGC andG is important when you combine risks.  Let xi and yi be losses associated with the ith scenario in our set of n scenarios.  If the xi’s are sorted in increasing order, the yi’s may not be. GC calculates the coherent measure of risk that is independent of the order of the xi’s and yi’s.  

Below, we will given an example where GC(X) ≠ G(X).  In this example, G(X) is not a coherent measure of risk.  But first we give a sufficient condition on G that assures that GC(X) = G(X).

Proposition

If g1 ≤ g2 ≤ (,   then GC(X) = G(X).  That is to say, G(X) is a coherent measure of risk.  

Proof

Let 
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Suppose that 
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Now each gi is proportional to the slope between Gi and Gi-1.  Thus the condition g1 ≤ g2 ≤ ( means that the slope of G is nondecreasing.  That is to say, the graph of G is concave up.     

Let’s look at some examples.

Example 1 – The Tail Value of Risk 

Define G(u) = Max(0,u–)/(1–).  A graph of G(u) for  = 90% is on Figure 5 below.  Let i be the first integer such that i/n is greater than .  Then 

0 = g1 = ( = gi-1 ≤ gi ≤ gi+1 = ( = gn.  Thus G(X) is a coherent measure of risk that equal to TVaR(X).

Example 2 – The Wang Transform

Define
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, where  is the cumulative distribution function for the standard normal distribution.   is a free parameter representing risk aversion.  

Wang has used this transform to establish links between traditional actuarial pricing methodologies and financial pricing methodologies, such as the Black-Scholes option pricing formula and the Capital Asset Pricing Model.

Figure 1 shows that the Wang transform is concave up for  = 1.2.  We now prove that this is true for all values of .

According to the mean value theorem of calculus:
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Then:
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Note also that:
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which is an increasing function of u.

As i increases, ci increases, -1(ci) increases and by, the two equations immediately above, gi increases.

Hence the Wang transform is a coherent measure of risk.

Table 13 provides a sample calculation of g(X) for the Wang Transform with  = 2.  We will leave it as an exercise to the reader to verify that TVaR(X) = 4.33 and 

TVaR(X) = 4.50. 

Table 13

	xi
	Pi
	F(xi)
	W(xi)
	W(xi)-W(xi-1)

	1
	0.50
	0.50
	0.0228
	0.0228

	2
	0.20
	0.70
	0.0700
	0.0473

	3
	0.15
	0.85
	0.1676
	0.0976

	4
	0.10
	0.95
	0.3612
	0.1936

	5
	0.05
	1.00
	1.0000
	0.6388

	E[X] =
	2.00
	
	g(X) = 
	4.3784


Example 3 – A transform using Student’s t distribution

Define 
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 where Q is the Student’s t distribution with  degrees of freedom.   is a free parameter representing risk aversion.  Note the similarity of this transform to the Wang transform above.

Figure 5 below shows that this transform for v = 1 and  = 1.5 is not concave up.  We now demonstrate that GC(X) ≠ G(X) and that G(X) is not a coherent measure of risk.

Table 14

	Gi
	gi
	xi
	yi
	xi + yi

	0.0685
	0.0685
	1
	4
	5

	0.1065
	0.0380
	2
	3
	5

	0.1344
	0.0279
	3
	2
	5

	0.1596
	0.0252
	4
	1
	5

	0.1872
	0.0276
	5
	5
	10

	0.2244
	0.0373
	6
	6
	12

	0.2904
	0.0660
	7
	7
	14

	0.4608
	0.1704
	8
	8
	16

	0.8202
	0.3593
	9
	10
	19

	1.0000
	0.1798
	10
	9
	19

	
	G(X) =
	7.548
	7.548
	15.416

	
	CG(X)=
	7.953
	7.953
	15.691


In Table 14, the Gi’s were calculated using a Student’s t distribution with  = 1 for Q.  We chose  = 1.5.  For X, Y, and X + Y, G(·) < CG(·).  Also, G(X) + G(Y) < G(X + Y) and thus G is not a coherent measure of risk.   

Figure 5
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Since any measure of risk written in the form of G(X) above is coherent, we now have a good supply of coherent measures or risk which are comonotone additive.   Are all coherent measures of risk comonotone additive?  The answer is no.  Table 14 gives an example of a coherent measure of risk that is not comonotone additive.

Table 14 consists of three scenarios.  The measure of risk is a maximum of the expected values over two probability measures.

Table 14

	Scenario
	X
	Y
	X+Y
	p1
	p2

	1
	1.0
	0.0
	1.0
	0.4
	0.3

	2
	2.0
	0.0
	2.0
	0.3
	0.6

	3
	2.0
	1.0
	3.0
	0.3
	0.1

	E1
	1.6
	0.3
	1.9
	
	

	E2
	1.7
	0.1
	1.8
	
	

	
	1.7
	0.3
	1.9
	
	


We close this section adding the Wang Transform to the list of measures included in Table 2.  We deliberately chose  = 1.447 so that the assets required for X1 are equal to those for TVaR80%.  This will make it easier to make comparisons between the two measures in this example, and those to follow.    

Table 2'

Required Assets for X1, X2 and Fixed Assets with Various Measures of Risk
	(X)
	X1
	X2

	StdT
	952.49
	1036.65

	VaR80%
	951.11
	959.01

	TVaR80%
	1178.19
	1337.59

	Wang1.447
	1178.19
	1337.58


Table 11'
Required Assets for X1, X2 and Random Assets with Various Measures of Risk 

	(X)
	X1
	X2

	StdT
	965.23
	1048.01

	VaR80%
	832.52
	886.00

	TVaR80%
	1196.18
	1346.13

	Wang1.447
	1202.84
	1362.99
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� In practice, we expect that the typical insurer will want to choose higher T’s and/or ’s.  The choice of lower T’s and ’s allow more compact examples.


� Even though it would usually result in a negative amount, the net worth is here defined as X-A to preserve consistency in the sign of X, of losses being positive. Defining net worth as X-A, Liabilities minus Assets, would be counterintuitive in most other contexts.


� If the assets are perfectly correlated with the losses, one can construct a perfect hedge with the value of the assets is equal to the expected value of the losses.  So increasing asset risk can lead to a decrease in the required assets for all 3 measures.


� TVaR is the same as a risk-adjusted probability distribution, where the probabilities of non-tail events are set to zero and the probabilities of tail events are scaled up so they sum to one. Equivalently in the example's framework, give weights of zero to non-tail events and weights of one to tail events, then proceed.
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